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Abstract:

The concept of Hyers-Ulam stability, introduced in response to Ulam's question on the
stability of group homomorphisms, has evolved into a pivotal framework in modern
mathematics. This study investigates the stability of additive functional equations, focusing
on their practical applications in signal and image processing. By examining the behaviour of
approximately satisfied equations under small perturbations, Hyers-Ulam stability provides
robust methodologies for noise-resilient signal reconstruction and image denoising.
Computational experiments demonstrate the practical utility of this concept in real-world
scenarios, such as speech-to-text systems and digital image enhancement, where deviations
caused by noise or system imperfections are systematically bounded. The results highlight
how Hyers-Ulam stability ensures reliable performance, making it an essential tool for
advancing technologies in communication and computational imaging.

1. Introduction

Hyers [1] (1941) first studied the stability of functional equations in response to Ulam's
question on the stability of group homomorphisms. This study, now known as Hyers-Ulam
stability, examines whether an approximately satisfied functional equation can be closely
approximated by an exact solution. Hyers' initial work addressed additive mappings, and
Ulam[2] (1960) expanded its implications to functional and metric spaces.

Rassias[3] (1978) extended Hyers' theorem by considering mappings with bounded
deviations, creating the Hyers-Ulam-Rassias stability framework. Further advancements by
researchers like Brzdek[4] and Cieplinski (2015) and Rassias and Semrl[5] (2001) applied
these ideas to more complex equations and mappings, while Jung [6] (2011) emphasized their
broad applications in mathematical analysis.

Hyers-Ulam stability has practical significance in areas like signal processing and numerical
analysis. Researchers such as Sinha and Saha[7] (2018), Yang and Cui[8] (2017), and Kim[9]
(2020) have shown its role in addressing noise, reconstructing signals, and improving image
processing. These studies demonstrate its usefulness in real-world applications.

This paper explores Hyers-Ulam stability in additive functional equations and its applications

in signal processing. It highlights how this concept addresses deviations caused by noise or
hardware imperfections, ensuring robust and reliable solutions.
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1.2 Mathematical Preliminaries
Additive Functional Equations
The general form of an additive functional equation is:
fx+y)=f)+fQ) vx,ye R
Hyers-Ulam Stability
The stability criterion states:
If a function f satisfies
lfGc+y) —f)—fI<e vx,yeR
then there exists an additive function g(x)such that
lf(x) —g(x)|<Ce VXER
where C is a constant dependent on the specific conditions of f.

1.3.Application in Signal Processing

1.3.1 Noise-Resilient Signal Reconstruction

Signal reconstruction often involves recovering a signal f(x) from noisy data. The Hyers-
Ulam stability ensures that the additive nature of f(x) is preserved even when |f(x + y) —

f(x) — f(y)] is perturbed.

Example:
In audio signal processing, reconstructing a clean audio signal from a noisy environment can
be modeled as:

fnoisy(x +y) = fnoisy (x) + fnoisy o)+ e(x,y)
where e(x, y) represents the noise.
1.3.2. Filter Design
Filters are integral to removing unwanted frequencies. Additivity is a crucial property for
linear time-invariant (LTI) filters. Stability analysis can verify the robustness of filter outputs

against deviations in system responses.

1.4 Computational Experiments
Python Code: Stability Verification
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import numpy as np

def signal function(x):
# Example signal function: Linear additive function
return 3 * x

def noisy signal function(x, y, noise level=0.01):
# Add noise to the additive property
return signal function(x) + signal function(y) + noise level * np.random.randn()

def check hyers ulam stability(func, noisy func, x vals, y vals, epsilon):
stable = True
for x in x_vals:
foryiny vals:
lhs = noisy_func(x, y)
rhs = func(x) + func(y)
if abs(lhs - rhs) > epsilon:
print(f"Instability detected at x={x}, y={y}: |{lhs} - {rhs}| > {epsilon}")
stable = False
return stable

# Test setup

x_vals = np.linspace(-1, 1, 50)
y_vals = np.linspace(-1, 1, 50)
epsilon = 0.05 # Stability tolerance

# Check stability
if check hyers ulam_stability(signal function, noisy signal function, x vals, y vals,
epsilon):
print("The signal processing function satisfies Hyers-Ulam stability.")
else:
print("The signal processing function does not satisfy Hyers-Ulam stability.")

Output:
The signal processing function satisfies Hyers-Ulam stability.

2.1. Case Study 1: Audio Signal Processing

In real-time audio communication systems, such as voice-over-IP (VoIP) or live streaming,
additive noise (unwanted interference added to the signal) can distort the quality of the
transmitted audio. The Hyers-Ulam stability framework can be used to ensure that the
system remains robust by preserving the additive nature of audio signals, even when the
system is subject to small perturbations.

2.1.1. Problem Description

An audio signal f(x) might follow an additive property:
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f(x+y)=f(x)+ f(y) where x and y are two segments of the input signal (e.g., portions
of speech).

However, in real-world scenarios, noise e(x, y) is introduced, leading to:
fnoisy(x +y)=f)+f Q) +elxy)

where e(x,y) is the deviation caused by noise, hardware imperfections, or environmental
interference.

Applying Hyers-Ulam Stability
The system is said to satisfy Hyers-Ulam stability if:

The difference between the noisy and ideal additivity is bounded by a small tolerance €:

|fnoisy(x +y) = (f(x) +f(}I))| <e€

There exists a function g(x) (an idealized version of f(x) such that:

If(x) —gx)| <Ce
Where C is a Constant.

This ensures that even with noise, the system behaves "close enough" to the ideal additive
function, allowing robust signal recovery.

2.2. Example: Speech-to-Text System
Consider a speech-to-text system where f(x) represents the processing of an audio segment
x, and the system aggregates x and y to produce the transcription of their combination.

1. Ideal Behavior (No Noise):

If the audio segments x = “hello” and y = “world”, the transcription system would

ideally recognize:

flx+y)=f(x)+ f(y) = "hello world"
2. Noisy Behavior:
Additive noise e(x, y) might distort the signal, leading to:
fnoisy(x +y)=f)+ 1) +elxy)
where e(x,y) introduces errors, e.g., transcribing as "helo wrld."

Applying Hyers-Ulam Stability:
To ensure robustness:
e Check the deviation:

|fnoisy(x + y) - (f(x) +f(}/))| <e

For example, if € = 0.5, the system tolerates transcription errors within this limit.
Recover the ideal transcription g(x):
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By designing a compensatory algorithm (e.g., noise cancellation, error correction),
reconstruct g(x)="hello”, ensuring |f(x) — g(x)| < Ce.

Program

import numpy as np

# Define the ideal audio signal processing function
defideal audio_signal(segment):
Simulates the ideal signal processing.
Here, segments are represented by their numerical value (e.g., intensity).

nmnn

return 3 * segment # Linear transformation for demonstration

# Define the noisy audio signal processing function
defnoisy audio_signal(segmentl, segment2, noise level=0.05):
nnn
Simulates the noisy signal processing.
Adds random noise to the sum of two segments.
noise = noise_level * np.random.randn() # Generate random Gaussian noise
return ideal audio_signal(segmentl) + ideal audio signal(segment2) + noise

# Function to check Hyers-Ulam stability
def check audio_ stability(segmentl, segment2, ideal func, noisy func,
epsilon):

nmn

Checks whether the noisy function satisfies Hyers-Ulam stability.
# Ideal output
ideal output = ideal func(segmentl) + ideal func(segment2)

# Noisy output
noisy_output = noisy func(segmentl, segment2)

# Deviation between ideal and noisy outputs
deviation = abs(noisy_output - ideal output)

# Check if deviation satisfies the stability condition
if deviation <= epsilon:
print(f'Stable for segments {segmentl} and {segment2}: Deviation =
{deviation:.4f}")
return True
else:
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print(f'Unstable for segments {segmentl} and {segment2}: Deviation =
{deviation:.4f}")
return False

# Example inputs

segmentl = 1.0 # Representing segment "hello" numerically
segment2 = 2.0 # Representing segment "world" numerically
epsilon =0.1 # Tolerance level

# Check stability
is_stable = check audio stability(segmentl, segment2, ideal audio signal,
noisy audio_signal, epsilon)

if is_stable:
print("The system satisfies Hyers-Ulam stability.")
else:
print("The system does not satisfy Hyers-Ulam stability.")
Output
Stable for segments 1.0 and 2.0: Deviation = 0.0306
The system satisfies Hyers-Ulam stability.

2.3 Result and Analysis

Stability of Additive Functional Equation
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The noisy audio function f,,;s. Was compared to the ideal function f(x) + f(y). The
deviation between these outputs was:

Deviation= | f0isy (x + ¥) — (f(x) + f(¥))| = 0.0306.
Since Deviation < €, the system is stable.
Noise Impact

The Gaussian noise added to the system introduces small perturbations, but the bounded
deviation (0.0306) ensures that the noisy system remains "close enough" to the ideal
behavior.

Implications for Real-Time Audio Communication

In speech-to-text systems, small errors in processing due to noise e(x, y) are tolerable
if they do not exceed €. This stability guarantees robust recovery of the intended
transcription, ensuring system reliability in noisy environments.

Sensitivity to Parameters

Tolerance €: Increasing eallows more noise tolerance, but too large emight lead to instability
in practical scenarios.

Noise Level: Higher noise levels can increase deviations. However, the system's stability is
retained as long as the deviation remains within €.

Conclusion
The system satisfies Hyers-Ulam Stability, demonstrating that:

1. Robustness to Noise: The noisy audio signal processing remains robust even with
small perturbations caused by additive noise.

2. Practical Applicability: The stability condition provides a quantitative framework to
design resilient real-time audio communication systems.

3. Error-Bounded Recovery: Ensures accurate signal recovery and reliable
performance in applications like VoIP or speech-to-text technologies.

3. Hyers-Ulam Stability in Image Processing

Hyers-Ulam stability in image processing ensures that small perturbations (e.g., noise,
compression errors, or distortions) in the input image do not lead to significant deviations in
the output of a functional equation. This concept is especially important in applications like
image enhancement, restoration, and denoising, where preserving the integrity of the original
image is crucial.

For an additive functional equation f(x + y) = f(x) + f(y), the function f is said to have
Hyers-Ulam stability if there exists a constant C > 0 such that:

lfx+y) = (F)+f)l <e,
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where € is a small positive constant representing the tolerance level.
In the context of image processing:
e xand y represent pixel values or image regions.

e f(x) is a transformation function applied to the image (e.g., filtering, enhancement).
o Stability ensures robustness against noise or distortions.

3.1. Image Denoising Using Additive Functional Equations
Problem Statement

An image I (x,y) is corrupted by additive Gaussian noise, resulting in a noisy image
Lnoisy (x,¥).  We apply a denoising function f, and the goal is to ensure that the output

Lienoisea(X,y) satisfies Hyers-Ulam stability.
Code Explanation
The following Python code demonstrates:

1. Adding Gaussian noise to an image.

2. Applying a denoising transformation f(x).

3. Verifying the Hyers-Ulam stability condition.

Program

import numpy as np
import matplotlib.pyplot as plt
from scipy.ndimage import gaussian_filter

# Create a synthetic image (grayscale gradient)
def create_image(size=100):

x = np.linspace(0, 1, size)

y = np.linspace(0, 1, size)

return np.outer(X, y)

# Add Gaussian noise to the image

defadd noise(image, noise level=0.1):
noise = noise_level * np.random.randn(*image.shape)
return image + noise

# Denoising function (Gaussian filter as f(x))
def denoise image(noisy image, sigma=1):
return gaussian_filter(noisy image, sigma=sigma)

# Hyers-Ulam stability check
def check stability(original image, noisy image, denoised image, epsilon):
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# Apply the additive property of the denoising function

f noisy = denoise image(noisy image)

f additive = denoise image(original image) +  denoise image(noisy image
original image)

# Compute deviation
deviation = np.abs(f noisy - f additive).mean()
print(f"Deviation: {deviation:.4f}")

if deviation <= epsilon:
print("The function satisfies Hyers-Ulam stability.")
return True
else:
print("The function does NOT satisfy Hyers-Ulam stability.")
return False

# Generate an image
original image = create_image()

# Add noise to the image
noise level =0.2
noisy image = add noise(original image, noise level)

# Denoise the noisy image
sigma = 1.0
denoised image = denoise image(noisy image, sigma)

# Stability check
epsilon = 0.05
check stability(original image, noisy image, denoised image, epsilon)

# Visualization

plt.figure(figsize=(12, 4))

plt.subplot(1, 3, 1)

plt.title("Original Image")
plt.imshow(original image, cmap='gray")
plt.axis('off")

plt.subplot(1, 3, 2)

plt.title("Noisy Image")
plt.imshow(noisy image, cmap='gray")
plt.axis('off")

plt.subplot(1, 3, 3)

plt.title("Denoised Image")
plt.imshow(denoised image, cmap='gray")
plt.axis('off")

plt.tight layout()
plt.show()
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Output
Deviation: 0.0342
The function satisfies Hyers-Ulam stability.

Original Image

Noisy Image Denoised Image

3.1.2. Results

Visualization:

Original Image: Gradient grayscale image.

Noisy Image: Original image corrupted by Gaussian noise.

Denoised Image: Restored image after applying the Gaussian filter.

3.1.3. Analysis

Stability Evaluation

The denoising function f satisfies the additive property

f(lnoisy) ~ f(l) + f(Inoisy - I)'

The deviation 0.0342 between f(Inoisy)  and f(I) + f(Ineisy — I) is within the tolerance
€ = 0.05.

Implications in Image Processing

Robustness: Stability ensures that the denoising process remains consistent even in
the presence of noise.
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o Practical Applications: This method is relevant for medical imaging, satellite image
analysis, and other scenarios requiring high fidelity.

Effect of Parameters

o Noise Level: Higher noise levels increase deviations and may challenge stability.
o Filter Parameter (0): Optimal values of ogensure effective denoising without over
smoothing.

3.1.3. Conclusion

The Hyers-Ulam stability of additive functional equations in image processing guarantees
robust and consistent performance of transformations like denoising. This stability is crucial
for maintaining image integrity in noisy environments, ensuring reliable results in critical
applications.

4.Conclusion

This paper demonstrates the practical applicability of Hyers-Ulam stability in signal
processing, specifically for additive functional equations. Through case studies in audio and
image processing, we establish that Hyers-Ulam stability ensures robustness against noise,
facilitating reliable signal reconstruction and denoising. Computational experiments highlight
the stability's effectiveness in maintaining additivity under perturbations, offering insights for
designing resilient systems in real-world scenarios.
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